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Separation of a Periodic Signal in Noise by Bispectrum Analysis
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A method is proposed for separating a desired periodic signal, i.e., for detecting its direction and

estimating its Fourier components, from other periodic signals scattered in a field contaminated with

Gaussian random noise.

The auto-bispectrum of a signal composed of a periodic signal plus Gaussian random noise preserves

the information about both relative amplitudes and relative phases of the components of the periodic

signal, while it cancels out the over-all phase shift caused by the time delay of the signal.

The cross-bispectrum of the two waveforms observed at two different points, on the other hand,

preserves information about the inter-regional phase shift of each component.

These characteristics are clarified and used as the basis of the method. The direction of the

desired signal is measured by means of the auto- and cross-bispectra of the observed waveforms. The

Fourier components of the desired signal are estimated by using the auto-bispectrum, and the desired

signal can be reconstructed by means of Fourier synthesis.

An example of reconstruction is shown, and the estimation errors of the program used are

discussed. The estimated value varies because of finite averaging, and the distribution of the deviation

from the true value can be regarded as almost normal. The relative error diminishes almost linearly

as the signal/noise ratio increases when the signal/noise ratio is larger than 1.0.
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Fig.1 S, S, , Sm; Ny, N, -, N, are signal sources

and noise sources, respectively. Observation
is made at A and B.
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REROREHOTIHHIREBIC L 3ETH 5. EREDOK
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+O(f — ko) exp (— j@mkfot' +¢1)} ]
(7)
x155.
2T PWVERER, f=kfH, E=x1,2,8,-- iTH
D, EH LA AT
ps(kfo)d f=ELAs A exp {§(2Tk fot'+ o)
—jenkfot’ +o)}1=A2  (8)
18D, A RS P AVEER, /N4 2R P rOR
Wi k0 Fig. 2 OfHHO S TRONE LD,
fixkfo BBV fexlfo DETATHE (A, f2)=0
ThE. fizkf T f=lfo (LE BERE) D
ATH, LB EENT ‘

— 107 —



732 W48 4 12 A

B B B R R

% 9% W65

Mod(Ekfo,lfo)=Are Ai+ Aprt
Phase (£f0, Lfo)

8fo

=—Or— Q1+ Qe
(12)

U

7fo

6fo Plo PZh

(12)x, & (8) KEHHEL,
A=V ps(fo), ¢p1=0

DYMRIEE ANT, JBK Awnor %

25 P

<k pi=|
5fo Pis P 245 :.'kbf;fé~
\ 7};%7 @k:‘O, 90;;:%/2, gOk:ﬁ’ [oF}
4f: P v, =(3/2)t ZFhZ (6) NTORH

14 Pay P‘:n -
%///%>%
3fe Pys P. A

S cos, sin, —cos, —sin & D T &

EEELTHS.

ERicid, HEERKR 2 T» 120
AT 5. EROWEAE TN

p
2fo P2 P// (// 7 // /D N
YN
b 7
fo 11 /] / i

o 7 —) o Z&idElo Window
Oy —)xEBUI DR, tEZE

P ) 4 .
% / do-nothing window
~ g f ({ D@&)=1, 1#|<Thn )
0 o o 3 4 S 6h  Th  Bf v ] 1 \
’ ==, [t|=Tn .
Fig. 2 The bispectrum of a periodic signal has its values only at the 2 2] |
lattice points whose unit is the fundamental frequency of the =0, |#|>Tx
periodic signal. The amplitudes and phases of the bispectrum TN
are represented in the lower and upper octants, respectively. EREA,
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4 A.B; exp {— j(2nkfots
+2xlfo'tat+ Qe+ )} E[C*esi]

At

J/,\ ) IS
[

/|

S

T
|

::é1AK[6(f+kf0) . 1
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Fig. 3 The bispectrum of the signal composed of two periodit signals
(S;+S2) is made up of the bispectrum of the signal S, (Q) plus
‘the bispectrum of the signal S, (@), and no cross-terms appear.
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Fig. 4 The hyperbola and two straight lines indi-
cate the direction of the sound source when
the time delay between the signals observed
at two points A and B is known.
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Fig. 5 The Cassini’s curves indicate the distance of
the sound source if the absolute strength of
the source is known.
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S(z):;f:lck cos (2T EFolt+)+ i) (25)

LB ARTOBNEYE, ShTOESOREY
BOSE»IENE LT,

Sﬂ(z)zélAk cos {2mkfo(t+t!+ta)+Pe} (26)
BETOEER,
Sg(t):}é:lBk cos (2mkfolt+t +in)+ s} (27)

L5, ARIKBW AN 2R E, fimkf,
fe=lfo LT AT
ba(kfo, Lfo)= ArA1Arsi8(fr—Efo)0( f2—1fo) -
exp {—j(gr+@i—des)}  (28)
T, BAltBWF B4 22 + i,
ba(kfo, Lfo)=BeBiBre10(f1—kfo)0( f2—1f0) +
exp {—j(et+di—gurr)}  (29)
Thb. AHEEBHEEDI oz 427 bid,
C a, 8{kfo, Lfo)
= AxB1Aw+i0( fr—kf0)o( f2—Lfo) -
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(30)
E13 5. BRIERER S AFEEICS 3 TITE 5. Table
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Table 1
‘ modulus phase
Bispectrum at A ArArAngt —Br— @14 Pres
ba(kfo, Lfo)
Bispectrum at B BiBiBret —Pr—b1+Prss
ba(kfo, Lfo)
Cross-bispectrum ArBi Ak —Or—b1+Prg
casa(kfo, 1fo) +2nlfo(ta—15)
g -t)
Phase {Ca, s(kfo, Lf0o)} —Phase {ba(kfo, Lfo)}
=2xlfo(ta—ts) 1=1,2,---,[n/2] (81)
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b, ZNDEEER S AEENIL, /4227 b D
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Fig. 6 The estimated value varies because of finite
averaging. The abscissa shows the number
of averaging, and the ordinate shows the
relative error of the estimate. The lines
in the figure indicate the curves proportion-
al to the curves +1/1YK. The open circles
show the estimated values of the bispectrum
of the signal, sin 2z % +0. Scos 2z-2f£+0. 3 sin
2r+3ft, plus Gaussian random noise of
02=1.0.

2.0, 5.0, 10.0, 20.0, 50.0 &732 X 3T (33) XD
EEREREETAML, TOEEDNL RLY LD
HEBEOHEZRLTNS. EHRE K=20 &L,
B AEREEEZRRLTOS. O box(fo, fo)
DOIRIBHE, AHRNHEROHEEEBET, I0oEHEs
EOME & M RE L TR —45 LD, 12
& SN ICHHH T 2BEDRHRENAHONS.

Fig. 8 tviav—va vz RT. ESER
12T, zo¥kKE 383) XTcHEAONE. AB 4%
TOFEEHICLZ2ETOBEOEIRNNSDEL,
NHZOHEZMEETS. FERESELL 2T, &
NOHEEELT A B A TESHESTHMS L0
13255 RBATHES. AB TOEESOEBEEND,
EARM® 70/360 L2 XH5KKE-THE. 1ED
HUIEAFHON 15 ok L L, SRIOERD
P ONA ZRY PEHEEL, THhiICED T -
WA EMEL TS, ¥z, 70N R27 b
ENAZR7 PV ED D, AB TOREEOENDE

o ~--MODULUS

A~---PHASE
K=20

ERROR (%)

[ ]
1.0 2.0

I ! ! [
5.0 10.0 20.0 50.0 SN

Fig.7 The abscissa shows signal noise ratio and
the ordinate shows relative error of the es-
timate. The relative error diminishes almost
linearly as signal noise ratio increases when
signal noise ratio is larger than 1.0.
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Fig. 8 An example of reconstruction of the periodic signal in noise, The first upper curve shows the
original signal and the second is the waveform observed at the point A. The third curve is the
original with a time delay and the fourth is the observed waveform at B. The fifth and the sixth
show the reconstructed waveform at the points A and B, respectively, by using the bispectrum

method.
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